Zhang found a simple, elegant argument deducing the non-existence of an infinite open cluster in certain lattice percolation models (for example, p = 1/2 bond percolation on the square lattice) from general results on the uniqueness of an infinite open cluster when it exists; this argument requires some symmetry. Here we show that a simple modification of Zhang's argument requires only 2-fold (or 3-fold) symmetry, proving that the critical probabilities for percolation on dual planar lattices with such symmetry sum to 1. We also give a new proof of a result of Grimmett determining the critical surface for anisotropic percolation on the triangular lattice.
Introduction and results
Let G be an infinite, locally finite graph, and 0 < p < 1 a real parameter. In independent bond percolation on G, each edge of G is assigned a state, open or closed; the states of the edges are independent, and each edge is open with probability p. An open cluster is a maximal connected subgraph of G all of whose edges are open, i.e., a component of the open subgraph formed from G by deleting the closed edges. We write P p for the corresponding probability measure.
Writing θ(p) = θ G (p) = θ b G;v (p) for the probability that a fixed 'starting vertex' v is in an infinite open cluster, the (Hammersley) critical probability p H = p b H (G) for bond percolation on G is defined by
where v is any fixed vertex of G. Let E ∞ denote the event that there is an infinite open cluster somewhere in G. Kolmogorov's 0-1 law implies that P p (E ∞ ) tions, the probability that there is more than one infinite open cluster is zero; Burton and Keane [3] have since given a very simple proof of this result. This result applies in particular to independent bond percolation on a plane lattice (as well as to lattices in all dimensions). In 1988, Zhang found a simple way to deduce that if G is a plane lattice with k-fold symmetry, k ≥ 4, and 0 < p < 1, then one cannot have both θ G (p) > 0 and θ G ⋆ (1 − p) > 0. Although Zhang never published his proof, Grimmett [6, p. 289 ] published a proof based on Zhang's ideas. This argument uses only symmetry, Harris's positive correlation lemma, and the Aizenman-Kesten-Newman result. For the square lattice, which is self-dual, it follows that θ(1/2) = 0, giving an alternative proof of this old result of Harris [7] . Using the exponential decay result of Menshikov [11] , the celebrated result of Kesten [8] that p H (Z 2 ) = 1/2 follows. The advantage of Zhang's argument over the (by now) many other proofs of this result (see [6] and [2] , for example) is that it does not rely on a 'Russo-Seymour-Welsh' type lemma [13, 14] , and so adapts easily to other lattices, and also to other models, such as the random cluster model of Fortuin and Kasteleyn [4] .
Our aim is to show that, contrary to the generally held belief (see Grimmett [6] , for example), it is fairly easy to adapt Zhang's argument to weaken the symmetry requirement: k-fold symmetry for any k ≥ 2 is enough. Theorem 1. Let G be a plane lattice with k-fold symmetry for some k ≥ 2, and let 0 < p < 1.
We prove this result in the next section; in the final section we shall discuss some extensions and an application.
The proof
As usual in percolation, we declare an edge e ⋆ of G ⋆ to be open if and only if e is closed. Note that the states of the edges of G ⋆ are independent, and each edge is open with probability 1 − p.
By an open path in G we mean a finite or infinite path P = v 0 e 0 v 1 e 1 v 2 · · · in the graph G such that every edge e i of P is open. An open path in G ⋆ is defined similarly. Since each edge of G (or G ⋆ ) is a piecewise linear curve in the plane, so is any open path P .
Let D R be the closed disc of radius R centred at the origin. We say that an infinite open path P in G or G ⋆ leaves D R at the point x if, when P is viewed as a curve in the plane, the last point of P in D R is x, i.e., if P contains an infinite piecewise linear path meeting D R only at x. If the boundary of D R is divided into arcs A 1 , . . . , A r , then we write L i = L i (R; A i ) for the event that there is an infinite open path in G leaving D R at some point x ∈ A i . Similarly, we write L The essence of Zhang's argument is as follows. Let G be a plane lattice with k-fold symmetry, k ≥ 4, and suppose that θ G (p) > 0 and θ G ⋆ (1 − p) > 0. From Kolmogorov's 0-1 law, with probability 1 both G and G
⋆ contain infinite open clusters. As R → ∞, the discs D R increase to cover R 2 , so the probability that D R meets an infinite open cluster in G tends to 1, i.e., for any ε > 0, if R is large enough this event has probability at least 1 − ε. Divide the boundary of D R symmetrically into k arcs A 1 , . . . , A k . If D R meets an infinite open cluster in G, then there is an infinite open path in G leaving D R at some point x, which must lie in one of the A i . Thus, the union L 1 ∪ · · · ∪ L k has probability at least 1 − ε. As the L i are increasing it follows from Harris's Lemma (see below) thatProof of Theorem 1. Let G be a plane lattice with k-fold symmetry, and let G ⋆ be its dual, drawn as a plane lattice with k-fold symmetry. Let 0 < p < 1 be fixed, and suppose for a contradiction that θ G (p) > 0 and θ G ⋆ (1 − p) > 0. We assume for convenience that G and G ⋆ are drawn with all edges piecewise linear. Rotating the coordinate system, if necessary, we may assume that no line segment making up a part of an edge of G or G ⋆ is parallel to the x-axis. Thus, the set B 1 of R > 0 such that the point (R, 0) lies on an edge of G or G ⋆ is countable. As V (G) is countable, the set B 2 of R > 0 such that any vertex of G or G ⋆ lies on the boundary of D R is also countable. From now on we only consider R / ∈ B = B 1 ∪ B 2 . Given R / ∈ B and 0 ≤ ϕ ≤ 2π/k such that Q 1 = (R cos ϕ, R sin ϕ) does not lie on an edge of G or G ⋆ , let A 1 be the boundary arc of D R from Q 0 = (R, 0) to Q 1 , and let A 2 be the boundary arc of D R from Q 1 to Q 2 = (R cos(2π/k), R sin(2π/k)). For i ≥ 3, let A i and Q i be defined by rotating A i−2 and Q i−2 anticlockwise about the origin through an angle 2π/k; when referring to A i or Q i , we shall always take the subscript modulo 2k. Since no Q i lies on an edge of G or G ⋆ , it will be irrelevant whether A i includes its endpoints; if we include one endpoint into each A i , then the 2k arcs
Again, we take the subscript modulo 2k. Note that i L i is the event that D R meets an infinite open cluster in G.
As θ G (p) > 0, the probability that G contains an infinite open cluster is positive, and hence (by Kolmogorov's 0-1 law, for example) equal to 1. Thus,
noting that ε depends on p but not on R or ϕ. Then, if R is large enough, we have P
Similarly, as
For the rest of the proof, we fix an R / ∈ B such that (2) and (3) hold. The events L i are increasing, so their complements L i are decreasing. Harris [7] showed that, if E 1 and E 2 are decreasing events in a product probability space, then P(E 1 ∩ E 2 ) ≥ P(E 1 )P(E 2 ). As the intersection of two decreasing events is decreasing, it follows that if E 1 , . . . , E j are decreasing, then
where the equality follows from k-fold symmetry. From (2), it then follows that
for any 0 ≤ ϕ ≤ 2π/k. Arguing in exactly the same way but for
As G is drawn with piecewise linear edges, the set of boundary points of D R that lie on edges of G is countable. Furthermore, as G is a plane lattice, this set contains no accumulation points, and is thus finite. Let 0 ≤ ϕ < ϕ ′ ≤ 2π/k be such that there is exactly one point x of the arc of D R from (R cos ϕ, R sin ϕ) to (R cos ϕ ′ , R sin ϕ ′ ) that lies on an edge of G, and suppose that x lies in the interior of this arc. Let L x be the event that G contains an infinite open path leaving
and L x are decreasing. Thus, from Harris's Lemma,
If the unique edge of G on which x lies is closed, then
we thus have
As ϕ is increased from 0 to 2π/k, the probability of L 1 (ϕ) decreases, while the probability of L 2 (ϕ) increases. These probabilities change only at a finite set of jumps, corresponding to boundary points of D R on edges of G, and we have just shown (in (6) and (7)) that, at each jump, P L 2 (ϕ) increases by at most a factor of (1 − p) −1 , and P L 1 (ϕ) decreases by at most this factor. When ϕ = 0 the arc A 1 is empty, so 1 = P L 1 (ϕ) ≥ P L 2 (ϕ) , while for ϕ = 2π/k the arc A 2 is empty and the inequality is reversed. Increasing ϕ gradually from 0 until P L 2 (ϕ) first exceeds P L 1 (ϕ) , it follows that there is some 0 < ϕ < 2π/k for which
From now on we fix such a ϕ, and write L i for L i (ϕ), and so on.
Inequalities (8) and (4) imply
Since P L i+2 = P L i by symmetry, it follows that for every i we have 
for the (Hammersley) critical probability for site percolation on G.
Kesten [9] defined a 'matching' relation between certain pairs of graphs that plays a role for site percolation corresponding to plane duality for bond percolation. He showed that every plane lattice G matches some graph, namely, the graph G ⊠ obtained from G by adding an edge xy for every pair of non-adjacent vertices x, y of G lying in a common face of G. For example, if G is the square lattice, then G ⊠ is the graph obtained by adding both diagonals to each face of G, i.e., the graph with vertex set Z 2 in which two vertices are adjacent if their Euclidean distance is at most √ 2. Note that G ⊠ need not be planar. (In fact, if G is a 3-connected simple graph, then G ⊠ is planar if and only if G is a triangulation, in which case G ⊠ = G.) However, it will still be convenient to view the edges of G ⊠ as piecewise linear curves in the plane: we may take each edge e = xy of G ⊠ to lie in (one of) the face(s) of G containing x and y. With this convention, although two edges of G ⊠ may cross, an open path in G cannot cross a closed path in G ⊠ . For bond percolation, it was convenient to take an edge e ⋆ of G ⋆ to be open if and only if the corresponding edge e is closed. In site percolation, the corresponding convention would be rather unnatural: we would have to take a vertex v of G
⋆ to be open if and only if the corresponding vertex of G is closed. But G ⊠ is naturally defined as a graph on the same vertex set as G, so this is rather awkward; this is why the observation above that open paths in G cannot cross closed paths in G ⊠ corresponds to the fact that open paths in bond percolation on G and on G ⋆ cannot cross. Apart from the minor irritation that all references to open paths or clusters in the dual graph (now G ⊠ rather than G ⋆ ) should be changed to closed paths or clusters, the proof of Theorem 1 carries over almost verbatim to the site percolation setting, to give Theorem 3 below. (The only change is to the trivial argument for the inequality P L x ≥ 1 − p.) Theorem 3. Let G be a plane lattice with k-fold symmetry for some k ≥ 2, and let 0 < p < 1. Then either θ
As before, Menshikov's Theorem (which applies to site percolation on lattices) gives p
the key fact is that if S is a large square, then either S is crossed from left to right by an open path in G, or S is crossed from top to bottom by a closed path in G ⊠ . Theorem 3 thus has a corollary corresponding to Corollary 2. Just like Zhang's original argument, the proof of Theorems 1 and 3 carries over to weighted graphs. By an edge-weighted plane lattice (G, p) we mean a plane lattice G together with an assignment of a weight 0 < p e < 1 to every edge of G, such that there are independent vectors w 1 , w 2 ∈ R 2 so that the translations T wi act as graph isomorphisms of G preserving the edge weights. In other words, we assign a weight to each edge of the plane lattice G, and equivalent edges receive the same weight. When we say that an edge-weighted plane lattice has k-fold symmetry, we of course require the rotation through 2π/k to preserve the edge weights as well as the plane graph.
In independent bond percolation on an edge-weighted graph, the states of the edges are independent, and each edge e is open with probability p e ; the 'percolation probability' θ(G; p) = θ v (G; p) is then the probability that a fixed vertex v is in an infinite open cluster.
The dual (G ⋆ , p ′ ) of a weighted plane lattice (G, p) is simply the dual lattice G ⋆ with edge weights p ′ e ⋆ = 1 − p e . As there are only finitely many different edge probabilities, the proof of Theorem 1 carries over almost verbatim, now with P L x ≥ 1 − max p e , to give the following result.
Theorem 5. Let (G, p) be an edge-weighted plane lattice with k-fold symmetry for some k ≥ 2, suppose that 0 < p e < 1 for every edge e of G, and let
Using this fact, it is not hard to deduce from Menshikov's Theorem (which applies to weighted planar lattices) that θ(T ; p x , p y , p z ) > 0 whenever p x + p y + p z − p x p y p z > 1. On the other hand, from Theorem 5, if 0 < p x , p y , p z < 1, then
Combining this with the Sykes and Essam result, it follows that if p x + p y + p z − p x p y p z = 1, then both of these percolation probabilities are zero, giving the following result.
Theorem 6. Let (T ; p x , p y , p z ) denote the triangular lattice with edges weighted according to orientation, and suppose that 0 < p
We refer the reader to Grimmett [6] for the details of the standard deduction of Theorem 6 from Menshikov's Theorem and (10); as he notes, the hardest part of the proof is the proof of (10). Grimmett's proof uses ideas of Kesten [9, 10] ; Theorem 6 was stated by Kesten [9] , and deduced from a related result that he gave without proof. A version of this latter result which is in many ways more general was later proved by Gandolfi, Keane and Russo [5] , but with a stronger symmetry requirement, which does not allow the deduction of Theorem 6. Earlier, Theorem 6 had also been claimed by Sykes and Essam [15, 16] , but without an attempt at a rigorous proof.
Let us note that, like Zhang's argument, the proof of Theorem 1 (which, after all, is just a simple modification of Zhang's argument) can be applied in contexts other than ordinary percolation. In particular, because the proof relies only on the uniqueness of the infinite cluster, positive correlation of increasing events, and the probability of a single edge being open being bounded away from 1, it also applies to the random cluster model of Fortuin and Kasteleyn [4] . Indeed, Welsh [17] showed that Zhang's argument can be used to prove that the critical probability p H (q) for the random cluster model on the square lattice satisfies p H (q) ≥ √ q/(1 + √ q) for all q ≥ 1; as far as we are aware, this is the only known proof of this result. The proof of Theorem 1 extends this result to the random cluster model on any self-dual plane lattice with k-fold symmetry. More generally, it shows that percolation cannot occur simultaneously in two 'dual' random cluster measures with k-fold symmetry.
We close with a question: can one adapt Zhang's argument, or the proof of Theorem 1, to the case of a lattice with mirror symmetry, but without k-fold symmetry for any k? Past experience suggests that it would be dangerous to conclude that no such variant of the proof exists purely on the basis that we have failed to find one!
